
Applied statistics 
 

Population vs Sample 

As we can ask every person in the population, we take a random sample from the population. 

The resulting sample can be used to learn something, or to make an inference, about the population. 

 

 

Random variable 

- Also can be called as stochastic variable 

- Stochastic means random (Greek) 

- Is a variable whose value is subject to variations due to the chance (i.e., randomness in a mathematical sense) 

- Random variable (conceptually) doesn’t have a single, fixed value 

- Random variable can take on asset of possible different values, each with an associated probability 

- Can be classified as either discrete or continuous 

- The opposite terminology for random variable is deterministic variable 

 

Bayes’ Theorem and its terminology 

1. Prior probabilities: probabilities of an/some event(s) that we know prior (before) to obtaining any additional information. 

2. Posterior probabilities: the conditional probabilities  the probabilities of the events after we have obtained additional 

information 

- Usually posterior probabilities is what we want to calculate 

 

Posterior probability of event B given event A has occurred: 

P(B|A) =
𝑃(𝐵 ∩ 𝐴)

𝑃(𝐴)
=  

𝑃(𝐵) × 𝑃(𝐴|𝐵)

∑ 𝑃(𝐵𝑖) × 𝑃(𝐴|𝐵𝑖)
𝑚
𝑖=1

 

Event B consist of m events B1, B2, …, Bm 

 

Probability mass functions (PMF) 

is the probability that a discrete random variable X takes on a particular value x, denoted as f(x) 

Some authors refer to it as probability function, the frequency function, or probability density function (PDF). 

 

Expected value, mean, variance  

- Average, is common way to call it 

- Expected value, will be described here 

Given: 

- random variable X inside sample S 



- prob. mass func. (pmf), f(x)  

- function u(X) 

Then the mathematical expectation or expected value of function u(X) is: 

𝐸[𝑢(𝑋)] = ∑ 𝑢(𝑥)𝑓(𝑥)
𝑥∈𝑆

 

Example(1): f(x) of dice is 1/6, and u(X) is 1, 2, 3, 4, 5, and 6 

Example(2):  

 

- Mean, will be described here 

is the expected value when the function u(X) = X 

denoted as μ 

μ = E(X) 

 

From wikipedia, mean is defined as 

- the expected value of a random variable 

- sample mean or arithmetic mean (�̅�, or x bar)of a data set: the sum of the values divided by the number of values 

- population mean 

 in finite population, the population mean is equal to arithmetic mean 

 sample mean may differ from the population mean, especially for small samples 

 the larger the size of the sample, the more likely it is that the sample mean will be close to the population mean 

- the mean of a probability distribution 

 in discrete probability distribution 

 mean = product of each possible value x and its probability, P(x), and then adding all these products together 

 μ = ∑ 𝑥𝑃(𝑥) 

 

Covariance 

- Is a measure of how much two random variables change together. 

- Shows the tendency in the linear relationship between variables 

- Correlation coefficient: the normalized version of the covariance 

- the “unnormalized” magnitude of covariance is not easy to interpret 

Positive covariance: 

- the variables tend to show similar behavior, e.g., the greater values of one variable mainly correspond with the greater 

values of the other variable 

Negative covariance: 

- the variables tend to show opposite behavior, i.e., the opposite case: the greater values of one variable mainly correspond 

dot the smaller values of the other 

Covariance zero: 

- means x and y are uncorrelated,  

- even though independent X and y will have zero covariance, zero covariance doesn’t mean they are independent 

- not all uncorrelated variables are independent (confirm pls) or orthogonal (?),  

Variance: 



-  a special case of covariance, when to variables are identical 

- σ(x, x) = σ2(x) 

 

Two distinct types of covariance 

1. Covariance of two random variables, (x,y) 

- A population parameter 

- A property of the joint probability distribution 

- σ(x, y) = E[(x − E[x])(y − E[y])] 

- σ(x, y) = E[xy] − E[x]E[y] 

- where E[x] is expected value of x (or also known as mean of x) 

2. Sample covariance 

- Estimated value of the parameter 

 

Covariance matrix 

- Given: two random vectors, m dimension of X and n dimension of Y 

- Covariance matrix equal to 

σ(x, y) = E[(x − E[x])(y − E[y])𝑇] 

σ(x, y) = E[xy𝑇] − E[x]E[y]𝑇  

- T means transpose, where m
T
 is the transpose of vector (or matrix) m 

- Resulting covariance matrix with dimension mxn 

- Covariance matrix for a vector x with m jointly distributed random variables (?) 

𝐱 = [x1, x2, … , x𝑚]𝑇  

∑(𝒙) = σ(𝐱, 𝐱) 

 

Joint probability distribution 

- Given two random variables X and Y, defined on the same probability space 

- Joint distribution for X and Y: the probability of events defined in terms of both X and Y 

- These bivariate distribution concept can be generalize into any number of random variables, giving a multivariate 

distribution 

 

- Joint probability distribution and the marginal densities 

- Marginal densities: individual probability density function 



 

Cross-correlation 

A measure of similarity of two waveforms as a function of a time-lag applied to one of them. 

Meaning: 

Given two waveforms, A and B; apply time-lag to B (shift/postpone) 

Cross correlation: measure the similarity between A and time-lagged B 

 

Another name of cross correlation: sliding dot product, or sliding inner-product 

 

Cross-correlation in probability theory and statistics 

correlation between two random variables X and Y  corr(X,Y) 

correlation of random vector, X,  

 

Correlation and dependence 

Dependence: statistical relationship between two random variables (or two sets of data) 

Correlation: broader than dependence. Correlation involves dependence. 

Correlation coefficients ( or r) are used to measure the degree of correlation. 

There are several correlation coefficients, yet the most common is Pearson correlation coefficient (linear relationship between two 

variables – which may exist evan if one is a nonlinear function of the other). 

 

 

Given several sets of (x,y) points with the Pearson correlation coefficient of x and y for each set. 

Concluding remarks: 

1. Correlation reflects two things: 

- Direction (but not the slope), where if x is getting higher resulting y is also getting higher, then corr(x,y) = 1 

- Noisiness (the best is linear, making a line mark) 

2. Bottom rows are nonlinear relationships (just if you happened to forgot how it looks like) 

 

Definition and notation of Pearson correlation coefficient 

𝜌(𝑋,𝑌) = 𝑐𝑜𝑟𝑟(𝑋, 𝑌) =
𝑐𝑜𝑣(𝑋, 𝑌)

𝜎𝑋𝜎𝑌

=
𝐸[(𝑋 − 𝜇𝑋)(𝑌−𝜇𝑌)]

𝜎𝑋𝜎𝑌
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